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ABSTRACT
We present results from direct numerical simulations showing the suppression of the large-scale drift motion of an
ensemble of charged particles in a nonuniform turbulent magnetic field. We find that when scattering is negligible, the
ensemble average drift velocity is in the direction predicted by the usual guiding center theory. When scattering is
very strong, we find that all large-scale drift motions vanish. For an intermediate amount of scattering we find that the
antisymmetric drift velocity is typically suppressed by a larger amount than the antisymmetric drift coefficient. We
show that the total drift motion of the ensemble is not necessarily completely contained in the antisymmetric part of
the diffusion tensor. Because of the occurrence of scattering, knowledge of the spatial variation of the symmetric part
of the diffusion tensor is also needed to fully describe the total drift motion of the ensemble.
Subject headingg
s: diffusion — turbulence

1. INTRODUCTION

zero and any relation between the drift velocity and the drift coefficient is arbitrary. In the present study we use a nonuniform
large-scale magnetic field in our numerical simulations to ensure
that the large-scale drift velocity of the ensemble of particles is
nonzero. We are therefore able for the first time to directly test the
well-known relation between the large-scale drift velocity and
large-scale drift coefficient and also study how these quantities
are influenced by the occurrence of scattering. Preliminary results are presented in Minnie (2006) and are expanded on in the
present study.

It has long been known that large-scale drift plays an important role in the heliospheric modulation of cosmic rays (Jokipii
et al. 1977). However, with the advent of more realistic numerical
models of cosmic-ray modulation (Kóta & Jokipii 1983; Potgieter
& Moraal 1985; Hattingh & Burger 1995), it soon became apparent that drift effects for low- to intermediate-energy cosmic
rays should be suppressed to properly account for cosmic-ray observations (e.g., Potgieter et al. 1989).
From a simple hard-sphere scattering approach (e.g., Gleeson
1969) or using a velocity correlation function analysis (e.g., Bieber
& Matthaeus 1997), one can see that the antisymmetric drift coefficient should be suppressed in the presence of scattering.
Stawicki (2005) used a quasi-linear approach and showed that
drifts are not reduced in the presence of unpolarized pure slab
turbulence. The same conclusion was reached by Minnie (2006)
based on numerical simulations similar to those reported in this
paper, but using a different form for the nonuniform background
magnetic field. Stawicki (2005) also considered the effect of composite slab/two-dimensional turbulence on drift, but since his
turbulence includes a component aligned with the background
field, in contrast to the purely transverse turbulence of the present study, a direct comparison should not be attempted. Various
numerical studies have aimed to quantify the suppression of the
antisymmetric drift coefficient (e.g., Giacalone et al. 1999; Candia
& Roulet 2004). Although insightful, all previous numerical studies used models with a uniform large-scale magnetic field and
scattering, making it impossible to relate the antisymmetric drift
coefficient to the divergence of the antisymmetric diffusion tensor.
In order to relate the nonzero drift velocity pv/(3q): < B/B2 to
the nonzero drift coefficient pv/(3qB), it is required that the magnetic field be spatially varying, otherwise the drift velocity is

2. DRIFT THEORY
Charged particles moving in a nonuniform large-scale magnetic field will experience gradient and curvature drift. The wellknown guiding center drift velocity of an ensemble of charged
particles is given by (e.g., Rossi & Olbert 1970; Burger et al.
1985)
vws
D ¼

pv
B
:< 2;
3q
B

ð1Þ

with p the relativistic particle momentum magnitude, v the particle speed, q the signed particle charge, and B the magnetic field.
Note that this drift velocity can accommodate any variation in
the large-scale field, but it does not include the effect of scattering,
hence the superscript ws. Subsequently, the superscript ws is used
to denote the weak-scattering limit of any particular quantity.
Using a simple vector product identity, equation (1) can be written
as
vws
D ¼:<

pv B
¼ : < ws
A eB ;
3qB B

ð2Þ

with eB the unit vector along B and
1
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P
v
¼
¼ rM ;
3qB 3B 3

ð3Þ
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with  ¼ v/c the particle speed as a fraction of the speed of light,
P ¼ pc/q the magnetic rigidity, and rM ¼ P/(Bc) the maximal
Larmor radius (i.e., 90 pitch angle). The quantity ws
A is known
as the weak-scattering drift coefficient.
The diffusion tensor used in heliospheric cosmic-ray modulation studies is (e.g., Gleeson 1969; Forman et al. 1974; Burger &
Hattingh 1998)
2
3
? A 0
6
7
ð4Þ
K ¼ 4 A ? 0 5;
0
0 k
with ? and k the diffusion coefficients perpendicular and parallel to the magnetic field, respectively, and A the antisymmetric
drift coefficient. This diffusion tensor can further be written as
the sum of a symmetric part K(s) containing the elements ? and
k and an antisymmetric part K(a) containing the element A .
Cosmic-ray transport in the heliosphere is described by a
Fokker-Planck equation (e.g., Parker 1965). The relevant term in
the Fokker-Planck equation containing the diffusion tensor is


ð5Þ
: = K = :Up ;
with Up the differential particle density. Written out in full in index notation this term is
i j

@ 2 Up
@i j @Up
þ
;
@ xi @ xj
@ xi @ xj

ð6Þ

with i j the diffusion tensor and summation over repeated indices is understood. Writing the diffusion tensor as the sum of a
(a)
symmetric ((s)
i j ) and antisymmetric (i j ) part results in
i(s)j

2
@(s)
@(a)
@ 2 Up
i j @Up
i j @Up
(a) @ Up
þ
þ i j
þ
:
@ xi @ xj
@ xi @ xj
@ xi @ xj
@ xi @ xj
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}

ð7Þ

The third term is equal to zero due to the antisymmetry of i j . The
grouping of the remaining three terms can occur in two different
ways. In the usual grouping, the terms containing the symmetric
tensor are put together, namely,
!
2
@i(s)j @Up
@(a)
i j @Up
(s) @ Up
þ
;
ð8Þ
þ
i j
@ xi @ xj
@ xi @ xj
@ xi @ xj
which can be written more compactly as


(s)
ij

@Up
@ xj



 v(a)
j

@Up
;
@ xj

ð9Þ

with v  : = K . The association of the divergence of the
(antisymmetric) diffusion tensor with a velocity is evident on dimensional grounds. The functional form and value of v(a) follow
from the observation that the divergence of an antisymmetric
second-order tensor A can be written as the curl of a vector a
(e.g., Aris 1989). Specifically, given that a ¼ (a1 ; a2 ; a3 ) and
2
3
0
a3 a2
6
7
A ¼ 4 a3
0
a1 5 ;
ð10Þ
(a)

(a)

a2

a1

0

it follows that
: < a ¼ : = A:

ð11Þ

Substitution of A with K(a) yields
v(a) ¼ : = K(a) ¼ : < A eB ;

ð12Þ

with a ¼ (0; 0; A ) and the third directional component of a
aligned with the direction of eB . For the case that A ¼ ws
A (i.e.,
weak scattering), it follows from equation (2) that
ws
: = K(a) ¼ : < ws
A eB ¼ vD :

ð13Þ

From these arguments it is evident that the coefficient in the antisymmetric part of the diffusion tensor is associated with largescale drifts (Jokipii et al. 1977), and equation (9), as well as
equation (5), takes on the familiar form


ð14Þ
: = K(s) = :Up  vws
D = :Up ;
when scattering is sufficiently weak.
However, equations (9) and (14) give the impression that it is
only the antisymmetric tensor that is associated with large-scale
drifts. The term containing the symmetric tensor also includes a
divergence of that tensor, but it is not emphasized as is done for
the antisymmetric tensor.
We find it more illuminating to rather group the two divergence terms in equation (7) together, namely,
!
2
@(s)
@(a)
@Up
ij
ij
(s) @ Up
þ
þ
;
ð15Þ
i j
@ xi @ xj
@ xi
@ xi
@ xj
which can be written more compactly as

¼0

@
@ xi
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(s)
ij

@ 2 Up
@Up
 v(div)
;
j
@ xi @ xj
@ xj

ð16Þ

with v(div) ¼ v(s) þ v(a)  : = (K(s) þ K(a) ). The superscript
(div) is to emphasize that the velocity under consideration is the
result of taking the divergence of the full diffusion tensor K. The
different signs in the definitions of v(s) and v(a) are in anticipation
of the results from the numerical simulations. The vectors v(s)
and v(a) are therefore
2

@? =@ x

3

6
7
v(s)  þ: = K(s) ¼4 @? =@y 5;
@k =@z
2
3
@A =@y
6
7
v(a)  : = K(a) ¼4 @A =@ x 5:

ð17Þ

ð18Þ

0
After grouping the two divergence terms together to obtain equation (16), it is now apparent that the effect of the spatial variation
of the symmetric tensor stands on the same footing as the spatial
variation of the antisymmetric tensor.
We choose to refer to v(s) as symmetric drift and to v(a) as antisymmetric drift, since these vectors are related to the divergence
of the symmetric and antisymmetric diffusion tensors, respectively. There are also two key differences between these two
velocities: (1) Symmetric drift is typically not divergence free,
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while antisymmetric drift is divergence free by definition; and
(2) symmetric drift is independent of particle charge, while antisymmetric drift is not.
Furthermore, it is clear that symmetric drift only occurs when
nonuniform scattering is present. However, antisymmetric drift
can occur in the absence of scattering, which yields nothing
other than the classical weak-scattering drift value from equation (2). In the presence of scattering, antisymmetric drift is given
by equation (12). It therefore remains to specify the antisymmetric
coefficient A that includes the effect of scattering.
Investigations of charged-particle transport based on isotropic
scattering over some timescale  (e.g., Gleeson 1969), quasilinear treatment of particle streaming perpendicular to a largescale magnetic field (e.g., Forman et al. 1974), or decorrelation of
the particle velocities after some timescale  (Bieber & Matthaeus
1997) all lead to the same functional form for the drift coefficient,
namely,
A ¼

v
( )2
rM
:
3
1 þ ( )2

ð19Þ

Regardless of the model that is used to derive this drift coefficient, the result is always a quantity with a maximum value of
vrM /3 when  ! 1 in the weak-scattering limit, and a minimum value of 0 when  ! 0 in the strong-scattering limit.
The formal structure of equation (19) should not be viewed as
fundamental, except in the cited cases where it emerges rigorously. It should preferably be viewed as a parameterization of the
suppression of the drift coefficient by turbulence. In particular,
no reference is made to the specific physical effect that controls
the timescale .
Therefore, without specifying  we keep the drift coefficient
general and write equation (19) as
A  ws
A fs ;

ð20Þ

with ws
A ¼ vrM /3 (see eq. [3]) the weak-scattering value of the
drift coefficient and fs ¼ ( )2 /½1 þ ( )2  the drift suppression
factor due to the occurrence of scattering.
Following the analysis of Jokipii (1993) we use equation (20)
in equation (12) to obtain
v(a)  : = K(a)
¼ : < A eB
ws
¼ fs vws
D þ :fs < A eB ;

ð21Þ

ws
with vws
D ¼ : < A eB (see eq. [2]).
The second term on the right-hand side of equation (21) can
be neglected when scattering is either very strong or very weak.
To see this, we write




( )2
2 :ð  Þ
:
:fs ¼ :
¼
2
2
1 þ ( )
1 þ ( )2

ð22Þ

In the strong-scattering limit (  ! 0) we find
lim 
!0


1 þ ( )2

2

¼ lim

!0

 ¼ 0;

ð23Þ

1151

and in the weak-scattering limit (  ! 1) we find

lim 
!1 1 þ ( )2

2

1
¼ 0:
 !1 ( )3

¼ lim

ð24Þ

In these regimes of either strong or weak scattering, the only effect of the finite amount of scattering will be to suppress the antisymmetric drift coefficient and velocity by the same factor fs
(see eqs. [20] and [21]).
Furthermore, when scattering is strong (  ! 0) we see that
the suppression factor fs tends to zero, effectively nullifying the
first term in equation (21) as well, resulting in the expected vanishing of the antisymmetric drift velocity in the presence of strong
scattering. Thus, only when scattering is sufficiently weak are the
nonzero antisymmetric drift coefficient and velocity suppressed
by the same amount, that is,
v(a)
A
 fs :
¼
ws
vws
A
D

ð25Þ

For an intermediate amount of scattering we therefore see that
the antisymmetric drift coefficient (eq. [20]) and total antisymmetric drift velocity (eq. [21]) do not have the same dependence
on the suppression factor fs, implying that these quantities might
be influenced differently by the occurrence of scattering. In what
follows we investigate this explicitly.
Note that up to this point we have implicitly assumed that the
large-scale magnetic field is nonuniform. However, in the presence of scattering the full drift velocity is given by equation (21),
and a nonuniform large-scale magnetic field is not necessarily
needed for this velocity to be nonzero. With a uniform largescale magnetic field, which will lead to vws
D ¼ 0 (see eq. [2]), the
presence of nonuniform scattering can still lead to antisymmetric
drift (second term on the right-hand side of eq. [21]), which is
similar in origin to symmetric drift (eq. [17]).
3. NUMERICAL EXPERIMENT DESIGN
In this section we describe the numerical experiment that is
used to investigate the effects discussed in x 2. Generally in numerical simulations of this type, the large-scale magnetic field is
uniform and the turbulence is statistically homogeneous (e.g.,
Giacalone & Jokipii 1994, 1999; Giacalone et al. 1999; Qin 2002;
Candia & Roulet 2004; Minnie 2006). These two assumptions
generally lead to no net drift in the numerical simulations. Although it is possible to determine the drift coefficient in a simulation in which the large-scale magnetic field is uniform (e.g.,
Giacalone et al. 1999; Candia & Roulet 2004; Minnie 2006),
unless the scattering is nonuniform the first-order moments
hxi/t and hyi/t will be zero. We aim to calculate these
first-order moments directly and investigate their relationship to
the drift coefficients explicitly.
To accomplish this, we use in our numerical simulations a
nonuniform large-scale magnetic field, but still employ statistically
homogeneous turbulence. The introduction of a nonuniform largescale magnetic field has two effects. First, it leads to a large-scale
drift velocity which is given by equation (2) when no scattering is
present. Second, it gives rise to nonuniform scattering, since the ratio of the magnetic fluctuation amplitude to the magnitude of the
large-scale magnetic field is now spatially varying. Scattering typically depends on this ratio.
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The large-scale magnetic field is designed in a very specific
way. Starting from equation (1), we write the weak-scattering
drift velocity in terms of the magnetic rigidity P  pc/q as
vws
D

P
Bls
:< 2 ;
¼
3
Bls

ð26Þ

with  ¼ v/c the particle speed as a fraction of the speed of light
c. We also add the subscript ls to the magnetic field vector and
magnitude to denote that we are dealing with the large-scale
magnetic field. We then choose the y-direction to be defined by
the drift direction given by equation (26), the z-direction to be the
direction along the large-scale magnetic field, and the x-direction
to complete the Cartesian coordinate system. The drift speed in
the y-direction in the absence of scattering is therefore
vws
D ¼

P dBls =dx
:
3
B2ls

ð27Þ

This is the expression for the well-known gradient drift of charged
particles in a nonuniform large-scale magnetic field, in the direction perpendicular to both the magnetic field and gradient direction. This drift speed clearly can be a function of position along
the x-direction, and this spatial dependence varies depending on
one’s choice for the spatial dependence of the large-scale magnetic field.
To facilitate the calculation of the relevant ensemble averages
in the numerical experiment, we require the drift speed (in the
absence of scattering) given by equation (27) to be independent
of position along the x-direction. In order to determine the required magnetic field, we rewrite the drift speed in equation (27)
as
1 dBls 3vws
¼ D ¼ C:
P
B2ls dx

ð28Þ

This equation can easily be solved to obtain the required magnetic field, namely,
Bls (x) ¼

1
;
a  Cx

ð29Þ

with a an integration constant. We define the value B0 to be that
value of the magnetic field at x ¼ x0 , where x0 is the position at
which the particles are injected along the x-direction. This leads
to
Bls (x) ¼

B0
:
1  B0 C(x  x0 )

ð30Þ

This magnetic field has the property that it depends on the
required drift speed. If one requires that the drift speed be zero,
then C ¼ 0 and the magnetic field becomes uniform. However, a
nonzero value of the drift speed results in a magnetic field that
varies in the x-direction. The nonuniformity of the magnetic field
is therefore adjusted by the magnitude of C.
A graphical representation of the large-scale magnetic field is
shown in Figure 11. Here we show the magnetic field in the
(x; z)-plane, where the length and direction of the arrows denote
the magnitude and direction of the large-scale field, respectively.
Furthermore, due to the spatial variation of the large-scale magnetic field, the gradient of B/Bls is in the negative x-direction, as
indicated on this graph.
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In order to determine the value of C to use in the simulations,
we write
C¼

3vws
3 vws
3 vws
D
D B0 c
D ksl
¼
¼
;
B0 v P
B0 ksl v rM0
P

ð31Þ

with rM0 the maximal Larmor radius (i.e., particle with a 90 pitch
angle) of the particles where Bls (x) ¼ B0 . We also introduced the
length scale ksl , which is the bend-over scale of the slab turbulence
(see eq. [36]) and acts as the unit of length in the simulations. We
choose to fix the value of vrM0 /vws
D ksl ¼ 100, implying
vws
r 0 =ksl
D
¼ M
:
v
100

ð32Þ

In the notation introduced in x 2, equation (32) is the antisymmetric drift velocity in the weak-scattering limit (see eq. [21]).
The simulation box is subsequently filled with a magnetic field
which consists of the large-scale nonuniform component Bls ¼
(0; 0; Bls ) and a statistically homogeneous randomly fluctuating
component B ¼ (Bx ; By ; 0), which is transverse to the largescale field. This random component of the magnetic field is further assumed to be a composite of two types of fluctuations, namely,
slab and two-dimensional (2D) fluctuations. The energy distribution in the fluctuations is such that 20% of the total fluctuation
energy resides in those fluctuations that vary in the direction along
the background magnetic field (slab fluctuations) and the remaining 80% of the energy resides in fluctuations that vary in the plane
perpendicular to the background magnetic field (2D fluctuations).
This distribution of energy in the turbulent fluctuations is representative of solar wind conditions at Earth (Bieber et al. 1996) and
is also in accord with previous numerical simulation studies (e.g.,
Giacalone & Jokipii 1999; Qin 2002; Shalchi 2005). The fluctuation vector is (e.g., Gray et al. 1996)
B(x; y; z) ¼ Bsl (z) þ B2D (x; y);

ð33Þ

where Bsl represents the slab component and B2D the 2D component of the fluctuation. The time-independent but spatially
varying magnetic field is therefore given by
B(r) ¼ Bls þ B(r);

ð34Þ

with B(r) the broadband spectrum of fluctuations represented
by equation (33) and r the position vector. This magnetic field is
obtained by specifying the spectrum of fluctuations in k-space,
choosing random phases for the Fourier coefficients, and then
transforming to real space by inverse fast Fourier transforms.
The size of the simulation box is Lx ; Ly ; Lz ¼ 100ksl ;
100ksl ; 10; 000ksl , with ksl the bend-over scale of the slab turbulence power spectrum (see eq. [36]). The magnetic field is stored
on separate 1D and 2D grids, from which the total 3D fluctuating
magnetic field can be obtained through equation (33). To obtain the
magnetic field at a position between grid points, linear interpolation is used.
The 1D grid that contains the slab turbulence has Nz ¼ 222 points,
and the 2D grid that contains the 2D turbulence has Nx ; Ny ¼
212 ; 212 points. The smallest and largest excited wave modes in
the simulations are chosen to be kmin ¼ 2/L and kmax ¼ N /L,
respectively, with N and L the appropriate values for the number of grid points and box dimension, respectively, in the x-, y-,
or z-direction.
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The composite (slab/2D) spectrum model for axisymmetric
turbulence (cf. Matthaeus & Smith 1981; Bieber et al. 1994, 2004)
that is used in the simulations is specified as
h
i
h
i
(k)
;
ð35Þ
Tr Pislj (k) þ Tr Pi2D
j
with
h
i
sl
sl
Tr Pislj (k)  Pxx
(k) þ Pyy
(k)

5=6
¼ Csl 1 þ kz2 k2sl
(kx )(ky );
h
i
2D
2D
Tr Pi2D
j (k)  Pxx (k) þ Pyy (k)

5=6 (kz )
;
¼ C2D 1 þ k?2 k22D
k?

ð36Þ

ð37Þ

where the superscripts sl and 2D denote the slab and 2D turbulence spectrum, respectively, and k ¼ (kx ; ky ; kz ) is the 3D wavevector. The perpendicular wavenumber k? is given by k? ¼
(kx2 þ k y2 )1/2 . In equations (36) and (37), the slab and 2D bend-over
scales ksl and k2D are defined, and the constants Csl and C2D are
used to determine the magnitude of Bsl and B2D , respectively.
The 2D bend-over scale k2D is taken to be smaller than the slab
bend-over scale ksl (e.g., Robinson & Rusbridge 1971). Specifically, we choose ksl ¼ 10k2D . The slab bend-over scale is used as
the unit of length in the numerical simulations. All lengths are
normalized to this value.
The amplitude of the fluctuations is characterized by the ratio
B/B0 , i.e., the value of B/Bls (x) at x ¼ x0 . Note, however, that
the ratio B/Bls (x) varies with position along the x-direction,
owing to the variation of Bls (x).
We then proceed to compute the trajectories of 1000 particles
in many random realizations of the magnetic field by solving the
Newton-Lorentz equation,
d
q
½v(t) ¼
v(t) < B½r(t);
dt
m0

Fig. 1.— Drift coefficients hvy xi (bottom) and hvx yi (top) as a function of
time for the case when B/B0 ¼ 0:3162 and rM0 /ksl ¼ 1:0, normalized to the weakscattering value vrM0 /3. Here rM0 is the maximal Larmor radius when B ¼ B0 at
x ¼ x0 , and ksl is the bend-over scale of the slab turbulence power spectrum. The
smooth lines are moving averages to show the trend of the data.

energy is chosen such that the ratio rM0 /ksl takes on the values 0.1
and 1. In Figure 1 we show the temporal evolution of the drift
coefficients from a typical run. The drift coefficients are normalized to the weak-scattering value of the drift coefficient at x ¼ x0 ,
namely, vrM0 /3. Furthermore, we show moving averages superimposed on the data to better display the underlying trend. We
believe the variation in the data to be the result of our sampling
of the trajectories of only 5 times per gyroperiod. Eventually,
we will only be concerned with the asymptotic value of the drift
coefficient, which seems to be adequately described by the temporal average of the entire data set, as suggested by the moving
average.
We define the antisymmetric drift coefficient A to be

ð38Þ

for each particle numerically, with v the particle velocity,  the
Lorentz factor, m0 the particle rest mass, q the signed particle
charge, and B the imposed magnetic field of the background
plasma. The neglect of the electric field in equation (38) arises
from the assumption that the background plasma is neutral and
also that the Alfvén speed of this plasma is much less than the
particle speed.
The particles are injected uniformly in configuration space on
the ( y; z)-plane at x ¼ x0 ¼ 2Lx /3 with an isotropic initial velocity distribution. The trajectory of each particle is then followed for a time t ¼ 2000ksl /v.
Once the trajectories are computed, we calculate the antisymmetric drift coefficients and total drift velocity. The drift
speeds in the x- and y-directions are calculated as hxi/t and
hyi/t, respectively. Following Giacalone et al. (1999) we
calculate the antisymmetric drift coefficients as i j ¼ hvi rj i,
where vi is the velocity component in the ith direction and rj is
the displacement in the jth direction. Here h: : :i denotes an appropriate ensemble average. Below, we employ an average over
different particle trajectories and realizations of the turbulence.
4. RESULTS
We present results here for a set of numerical simulations in
which the ratio B/Bls is varied from 0.1 to 10 and the particle

A 

xy þ yx
;
2

ð39Þ

where the values yx and xy are the temporal averages of the
data as shown in Figure 1. For an estimate of the uncertainty in
A , we use the deviation of yx and xy from pure antisymmetry.
We define this deviation from antisymmetry A as
A 

xy þ yx
:
xy  yx

ð40Þ

Therefore, when xy 6¼ yx then A 6¼ 0 and the estimate for
uncertainty in A is then specified as A  A A .
In Figures 2 and 3 we show the temporal evolution of the drift
speed in the x- and y-directions, respectively, from a typical run.
In these graphs, as well as in all subsequent presentations of the
drift speeds, both speeds are normalized to the weak-scattering
value of the drift speed in the y-direction, i.e., equation (32).
Again, as in Figure 1, we are interested in the asymptotic values
of these quantities. However, unlike the drift coefficients, the
asymptotic regime is always preceded by some startup transient.
We neglect this transient in our later presentations of the drift
speeds and only consider the asymptotic value.
In Figures 4 and 5 we show the antisymmetric drift coefficient
A (see eqs. [39] and [40]) as a function of magnetic fluctuation
amplitude, normalized to the weak-scattering value vrM0 /3, for
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Fig. 2.— Drift speed in the x-direction as a function of time normalized to the
weak-scattering value of the drift speed in the y-direction, for the case when
B/B0 ¼ 0:5623 and rM0 /ksl ¼ 0:1. The gray shaded region denotes the uncertainty in the drift speed, arising from the ensemble-averaging process.

the two cases rM0 /ksl ¼ 1:0 and rM0 /ksl ¼ 0:1, respectively. Here
rM0 ¼ P/(B0 c) is the maximal Larmor radius when B ¼ B0 at
x ¼ x0 , and ksl is the bend-over scale of the slab turbulence power
spectrum (see eq. [36]).
In each respective graph, results from two different simulations are shown: one set of simulations in which the large-scale
magnetic field is uniform ( Minnie 2006) and the present set of
simulations in which the large-scale magnetic field is nonuniform.
The good agreement between the results from the two different sets
of simulations suggests that simulations in which the large-scale
magnetic field is uniform are sufficient to determine the drift coefficient. That is, the magnitude of the drift coefficient is independent
of the structure of the large-scale field and only requires the magnitude of the magnetic field to be known. Furthermore, the values for
the antisymmetric drift coefficient lie between the weak-scattering
value and zero as equation (19) predicts, and these values remain
close to or at the weak-scattering value for larger values of B/B0
when the rigidity is higher.

Fig. 3.— Drift speed in the y-direction as a function of time normalized to the
weak-scattering value of the drift speed in the same direction, for the case when
B/B0 ¼ 0:5623 and rM0 /ksl ¼ 0:1. The gray shaded region denotes the uncertainty in the drift speed, arising from the ensemble-averaging process.
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Fig. 4.— Drift coefficient A as a function of magnetic fluctuation amplitude,
normalized to the weak-scattering value vrM0 /3. Here rM0 is the maximal Larmor
radius when B ¼ B0 at x ¼ x0 . The filled circles are simulation results using a
magnetic field with a nonuniform large-scale component, while the open squares
are simulation results using a magnetic field with a uniform large-scale component. All simulations are performed for rM0 /ksl ¼ 1:0, with ksl the bend-over scale
of the slab turbulence power spectrum.

In Figures 6 and 7 we show the drift speed in the x-direction
(hxi/t) as a function of magnetic fluctuation amplitude,
normalized to the weak-scattering value of the drift speed in
the y-direction (eq. [32]), for the two cases rM0 /ksl ¼ 1:0 and
rM0 /ksl ¼ 0:1, respectively. Again, as presented in Figures 4 and
5, we show a set of simulation results using a uniform large-scale
magnetic field (Minnie 2006) and the set of simulations from the
present study using a nonuniform large-scale magnetic field.
Clearly, for the case of a uniform large-scale magnetic field, the
displacements x average to zero and therefore the drift speed is
zero. However, when the large-scale magnetic field is nonuniform,
the displacements x do not average to zero, and this results in net
drift in the x-direction.
This drift motion in the x-direction cannot be accounted for by
equation (21), because it is in the same direction as the gradient
in the field. This drift speed can therefore not be associated with the
antisymmetric drift coefficient. Instead, since the spatial variation

Fig. 5.— Same as Fig. 4, but for rM0 /ksl ¼ 0:1.
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Fig. 6.— Drift speed in the x-direction as a function of magnetic fluctuation amplitude, normalized to the weak-scattering value of the drift speed in the
y-direction (eq. [32]). The filled circles are simulation results using a magnetic
field with a nonuniform large-scale component, while the open squares are simulation results using a magnetic field with a uniform large-scale component. All
simulations are performed for rM0 /ksl ¼ 1:0, with rM0 the maximal Larmor radius
when B ¼ B0 at x ¼ x0 and ksl the bend-over scale of the slab turbulence power
spectrum.

Fig. 8.— Drift speed in the y-direction as a function of magnetic fluctuation
amplitude, normalized to the weak-scattering value of the drift speed in the same
direction (eq. [32]). The filled circles are simulation results using a magnetic field
with a nonuniform large-scale component, while the open squares are simulation
results using a magnetic field with a uniform large-scale component. All simulations are performed for rM0 /ksl ¼ 1:0, with rM0 the maximal Larmor radius
when B ¼ B0 at x ¼ x0 and ksl the bend-over scale of the slab turbulence power
spectrum.

in the simulations is in the x-direction only, we see from equations (17) and (18) that the velocities v(s) and v(a) are

in a Cartesian coordinate system. It is therefore evident that this
drift motion in the x-direction is related to the spatial variation of
the perpendicular diffusion coefficient (i.e., the divergence of the
symmetric part of the diffusion tensor) and does not involve the
antisymmetric drift coefficient A .
To see that these velocities are in the appropriate directions,
we note from numerical simulations (e.g., Giacalone & Jokipii
1999; Minnie 2006; Minnie et al. 2007) and analytical considerations (e.g., Jokipii 1966; Matthaeus et al. 2003; Shalchi et al.
2004) that the perpendicular diffusion coefficient scales with the
ratio B/Bls . From the simulations of the present study, this

implies @? /@ x < 0 (cf. Fig. 11), which is stating that symmetric
drift is in the negative x-direction. This is consistent with the
simulations shown in Figures 6 and 7.
Finally, we present the gradient drift speed which is of course
in the y-direction and therefore perpendicular to both the largescale magnetic field direction and the direction of the gradient in
the large-scale magnetic field. In Figures 8 and 9 we show the
drift speed in the y-direction (hyi/t) as a function of magnetic
fluctuation amplitude, normalized to the weak-scattering value
of the drift speed in the same direction (eq. [32]), for the two
cases rM0 /ksl ¼ 1:0 and rM0 /ksl ¼ 0:1, respectively.
For the expected direction of antisymmetric drift we note that
in the weak-scattering limit at least, the drift coefficient is inversely proportional to the large-scale magnetic field. This implies
from the current simulations that @ws
A /@ x < 0, which means that
the direction of the antisymmetric drift velocity is in the positive

Fig. 7.— Same as Fig. 6, but for rM0 /ksl ¼ 0:1.

Fig. 9.— Same as Fig. 8, but for rM0 /ksl ¼ 0:1.

v(s) ¼ (@? =@ x; 0; 0);

v(a) ¼ (0; @A =@ x; 0)

ð41Þ
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y-direction. This is also consistent with the simulations shown in
Figures 8 and 9 when B/Bls is sufficiently small. When B/Bls
becomes sufficiently large and the antisymmetric drift direction
changes, we believe that the entire system becomes diffusiondominated, rather than drift-dominated, leading to drift which is
similar in origin to that of symmetric drift.
Again, as discussed for drift in the x-direction, the simulations
using a uniform large-scale magnetic field lead to no net drift, since
the scattering merely randomizes the displacements which end up
averaging to zero. However, with the nonuniform large-scale magnetic field, the particles drift in the y-direction, and this drift is scaled
down with respect to the weak-scattering value when the magnetic
fluctuation amplitude becomes sufficiently large. Furthermore,
similar to the drift coefficient in Figures 4 and 5, the drift speed is
scaled down differently for particles of different rigidities.
We note first the apparent change of drift direction when the
magnetic fluctuation amplitude becomes large. This is especially
visible in Figure 9, for the case rM0 /ksl ¼ 0:1. This change of drift
direction emphasizes the importance of the second term in
equation (21), since the first term cannot account for the change
in drift direction. Second, we observe that the drift speed is always reduced more than the drift coefficient of the same rigidity
(cf. Figs. 4 and 8 and Figs. 5 and 9). To quantify this difference in
suppression, we rearrange equation (21) and define the residual
antisymmetric drift velocity as
ws
ws
v(a)
R  :fs < A eB ¼ : < A eB  fs vD :

ð42Þ

Because of the design of the numerical experiment these quantities are all oriented in the y-direction. Specializing to the y-direction
we obtain
v(a)
R ¼ 

@A
 fs vws
D :
@x

ð43Þ

The first term on the right-hand side of this equation is the total antisymmetric drift speed v(a) in the y-direction (see eq. [21]) given
by hyi/t in the simulations. We can therefore normalize this
equation to the weak-scattering drift speed in the y-direction to
obtain
(a)
ṽ(a)
R ¼ ṽ  fs ;

ð44Þ

where the tilde denotes normalization by vws
D . If we finally choose
fs to be given by A /ws
A (see eq. [25]) from the simulations, we
effectively define the difference by which the antisymmetric drift
coefficient and total antisymmetric drift velocity is suppressed.
In Figure 10 we show the normalized residual antisymmetric
(a)
drift speed ṽ(a)
R from the simulations. Note that ṽR tends to zero
when the amplitude of the fluctuations becomes very small or
very large. This is in agreement with the analytical calculations
performed in equations (23) and (24) where it is shown that this
residual drift velocity should go to zero when scattering is very
strong or very weak. Furthermore, at intermediate values for B/B0
the antisymmetric drift velocity can be suppressed by up to 45%
more than the antisymmetric drift coefficient.
It is intuitively reasonable to expect that this residual drift can
be either in the same or opposite direction as the antisymmetric
drift velocity. This property is of interest to determine whether the
drift coefficient is suppressed by the same amount as, more than,
or less than the antisymmetric drift velocity with which it is related. From the present simulations we consistently find that the
antisymmetric drift velocity is suppressed more than the anti-
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Fig. 10.— Residual antisymmetric drift speed in the y-direction for rM0 /ksl ¼
1:0 and rM0 /ksl ¼ 0:1. The residual is normalized to the weak-scattering value of
the drift speed in the y-direction.

symmetric drift coefficient. Whether this is generally true is still
an open question.
5. DISCUSSION AND CONCLUSION
In Figure 12 we show a schematic representation of all the
drift motions that can occur in the simulations of the present
study. All the drift motions are in the (x; y)-plane (the plane of the
paper), with the z-direction pointing outward. In conjunction
with Figure 11 showing the geometry of the magnetic field, we
discuss the following drift motions:
Classical gradient drift.—Starting from point A, positively
charged particles will spiral into region L (to the left of the vertical
dashed line) where their Larmor radii will become larger due to the
decreasing large-scale magnetic field. After crossing the dashed line
and entering region R, their Larmor radii will decrease due to the
increasing large-scale magnetic field and the net motion from A to
B is the result. Negatively charged particles, with the opposite sense
of gyration, will drift in the opposite direction. In the absence of
scattering this is the usual drift velocity known as the classical or
weak-scattering drift velocity (vws
D ). In the nomenclature of the
present study this motion is given by equation (1) or (2).
Antisymmetric drift.—The full antisymmetric drift motion is
comprised of two components. The one component is the classical
gradient drift (discussed above) that is modified by the suppression
factor fs. The origin for the reduction of the classical drift velocity is
just the presence of scattering. This is the first term on the righthand side of equation (21). The other component of the antisymmetric drift is related to the gradient in scattering efficiency.
When the particles find themselves in region L where the ratio
B/Bls is large, more perpendicular diffusion is taking place than
when the particles venture into region R where B/Bls is smaller.
At any given point in region L and another point in region R, perpendicular diffusion is uniform in the y-direction, but occurring
at different rates. This is denoted by the symmetric distributions
with different widths in region L (wider due to more perpendicular diffusion) and R (narrower due to less perpendicular diffusion). The particle trajectories are therefore less perturbed in
region R than in region L, leading to net motion in the negative
y-direction (:fs < ws
A eB ). This is the origin of the change of
drift direction seen in Figures 8 and 9.
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Fig. 11.— Magnetic field geometry used in the numerical simulations.

Another way to look at this is in terms of the parameterization
of equation (19). Our simulations suggest that the suppression
factor fs increases to the right in Figure 12, because B/Bls decreases in this direction. Thus, from this formal parameterization,  approaches the weak-scattering limit toward the right.
Noting that the large-scale magnetic field points out of the page
(cf. Fig. 11), this gradient in scattering implies drift in the negative y-direction, as observed (cf. Jokipii 1993).
Symmetric drift.—Because of gradient in perpendicular diffusion along the x-direction, with the occurrence of more diffusion in region L than in region R, particles will spread more
efficiently in region L than in region R. This leads to the skewed
distribution shown in the middle of Figure 12; this argument
holds for any given position. The tail of the distribution is longer
in the direction where diffusion is more rapid, therefore resulting
in the net migration of particles in the negative x-direction. This
is what we have referred to as the symmetric drift velocity, since
it is related to the divergence of the symmetric part of the diffusion tensor (see eq. [17]).
In the present study we have shown by means of direct numerical simulations that the large-scale antisymmetric drift velocity of an ensemble of particles is suppressed with respect to
the expected weak-scattering value in the presence of sufficiently
strong magnetic turbulence. We have shown that only in the limiting cases of either very strong or very weak turbulence are the
antisymmetric drift coefficient and the antisymmetric drift velocity suppressed by an equal amount. For the more general case
of intermediate turbulence we have shown that the antisymmetric
drift velocity is suppressed more than the antisymmetric drift coef-
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Fig. 12.— Particle orbit from point A to point B depicts the origin of classical
(antisymmetric) gradient drift. The Gaussian distributions at left and right display
the source of residual antisymmetric drift. Finally, the asymmetric distribution in
the center depicts the origin of symmetric drift arising from the nonuniform perpendicular diffusion coefficient. See text for further details.

ficient, and under certain conditions, it is even possible for the antisymmetric drift velocity to change direction.
Our discussion of a second kind of drift motion that we have
classified as symmetric drift should not be taken as a claim of
discovery of some new effect that should be included in future
transport models. We understand that this is already included
through the usual divergence of the symmetric diffusion tensor.
We merely wish to emphasize that the drift motion of an ensemble of particles is not necessarily completely contained in the
antisymmetric part of the diffusion tensor. To understand the full
drift motion of an ensemble of particles one must have knowledge of the spatial variation of the symmetric part of the diffusion tensor as well.
Finally, it is interesting to note that the regime where antisymmetric drift seems to be changing from its weak-scattering
value to some suppressed value broadly corresponds with the
range where the magnetic fluctuation amplitude is comparable to
the background magnetic field magnitude. The case of B/Bls  1
is quite characteristic of the solar wind, especially at Earth (e.g.,
see Fig. 4c of Bieber et al. 1993), and it would seem that the region
where we find the most variation in the antisymmetric drift velocity is in that region of observed magnetic fluctuation amplitudes in interplanetary space.
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